Electromagnetic Theory

Electromagnetic Theory

Differential Operator, v
Differential Operator, V is defined as V= { l— +] 3y +kZ

0z

Laplacian Operator,V?
laci 2 is defined 5 02 92 92
Laplacian Operator, V* is defined as V*= ezt 2 T a2

Gradient of a Scalar Function (V)
If ¢(x,y,z) is scalar function of the co-ordinate (x, y, z) be
defined and differentiable at each point (x, y, z) in a region of space

then the gradient of ¢ (grad ¢) is dot product of V and )
- 9] o .0
ie.grad p =V ¢ = (i—+j@+k—)-<;b
d¢p dp - 0¢
grad ¢ = V- ¢ = la_+]ay+k5
Gradient of scalar function is vector quantity.

Physical Interpretation of Gradient of a Scalar Function
Consider a point P having position co-
ordinates x, y, z and a point Q having
position co-ordinates x +dx, y+dy, z +
dz in scalar field . The position vector
(vector distance) between P and Q is given

by A L,JB

dr=1dx+jdy+kdz. dy

Z,q.

Let ¢ be the value of scalar function
at P and ¢ + d¢ be the value of scalar
function at Q.

Then the change in the value of ¢

with respect to distance dr is known as the

total differential of ¢ ie %’

Scalar value at P is ¢

Scalar value at A = Scalar value at P+(change of scalar function along
‘X’ direction X dx)

, d¢

ie. Scalarvalueat4 = ¢ + I dx

Scalar value at B = Scalar value at A +(change of this scalar function
along ‘Y’ direction X dy)

e. Scalarvalue at B = ¢ + 22 d +a( +a¢d> d
ie. Scalar value a =¢ Ep X 3y 0] o x y
d¢ d¢ ¢
—¢+adx+wdy+aya dx dy
2

+ the term 3y0x dx dy is small and hence neglected

~ Scal lueatB = +a¢d +a¢d

~ Scalar value a =¢ o x 3y y

Scalar value at Q = Scalar value at B +(change of this scalar function
along ‘Z’ direction X dz)

ie. Scalar value at Q

B d¢p d¢p d d¢p d¢ )
=¢+ I dx+6y dy+az<q§+ I dx+6y dy)-dz

_ d¢ d¢ d¢ 2°¢ 0¢
=¢+ o dx+6y dy+a dz + 370 dx dZ+66y

2 2

¢
0z0x dxdz & d0zdy

~ Scal lueatQ = +a¢d +a¢d +a¢d 1
~ ScalarvalueatQ = ¢ I x 3y y P AN (D

Also, ScalarvalueatQ =¢ +do ... ... (2)

dy dz

** the term dy dz are small and hence neglected
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From eqr (1) & (2), we get

, _ ¢ ofo) ofo)
..¢+d¢—¢+adx+@dy+£dz

‘ _ d¢ d¢ d¢
..dqb—adx+$dy+£dz ...... 3)

Now, Vq,') dr—(l a¢+k ) (idx+jdy+kdz)

S — 09 910 d¢
V(f)'d?‘—ad%'l‘@d}"l’gdz ...... (4)
From eqr (3) & (4), we get
Vo - dr = d¢
Vo dr # = d¢

do
V¢ r= dr

Where 7 is unit vector along PQ(d_r))

Hence gradient of scalar function is maximum rate of change of
scalar function (¢) along the direction which is same as position vector

PQ(dr).
Physical Significance of Gradient of a scalar function

i) Gradient of scalar function is maximum rate of change of scalar

function (¢) along the direction which is same as position vector.

ii) If gradient of scalar function is positive along some direction then
scalar function increases along that direction.

iii) If gradient of scalar function is negative along some direction then
scalar function decreases along that direction.

iv) If gradient of scalar function is zero along some direction then scalar
function doesn’t change along that direction.

Divergence of a Vector (7 . Z)

Ifﬁ(x, ¥, z) =A T+ AyJ + A,k be defined and differentiable at
each point (x, y, z) in a region of space then the divergence of Ais dot
product of Vand 4

divA=V-A4 8 6 0 A+ A +Ak
ie.div =(I o 6 a) (A, ] )
wa= © ox dy 0z

Divergence of vector is scalar quantity.

Physical Interpretation of Divergence of a Vector
AY Let A be the vector at P(x,y,2z).
Draw a rectangular parallelepiped with P

at its centre and edges of length
Ax, Ay & Az parallel to X, Y & Z axis

‘/AZ/X o

respectively. A vector A atthe point P is
resolved into A,, A, & A, parallel to

three rectangular coordinates.
The value of divA is equal to the

total outflow of the vector 4 over the six
faces of the rectangular parallelepiped
a per unit volume.

AY

P(xy,z)

2 X > ——— ]

i

N

The coordinates the centre of the
, y, z). The outflow the

vector over face 1 and 2 which is perpendlcular to X-axis is entirely
due to A,.

] :
Let % be the rate of the flow of vector along X-axis. Hence flow

face 1 are (x +

of vector at the centre of the face 1 is given by,
04, Ax
x + Fpe—
ox 2

(vector at P + unit change in vector alon X axis X distance from P)
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The net flow of vector from the face 1 is given by

(A, +"Ax A") Ay Az

(vector at the centre of the face 1 X Area fo face 1)
[t is in outward direction from P.

Similarly, net flow vectors from the face 2 is given by
(A _6Ax Ax) AyAZ

Itis in inward direction from P.
Then the net flow of vectors along X- direction. ie from the face 1 and

face 2 is given by
6Ax Ax

(4 +52-2) - Ay dz— (4, —Z2-F) - Ay Az
04, Ax
~“ox 2
= % Ax Ay Az
ox
Similarly, net flow of vectors along Y — direction = Z—Iily Ax Ay Az
& net flow of vectors along Z — direction = %Ax Ay Az
=~ Net flow of vectors = %Ax Ay Az + aﬁAx Ay Az + %Ax Ay Az
0x dy 0z
0A, 04, 04,
= (ax + 3y + Fp )Ax Ay Az

0A, 04, 0A, AxAyAz

+ +
dy 0z " Ax Ay Az
(Where Ax Ay Az is volume of rectangular paralleleplped)
04, 04, 04,

~ Net flow of vectors per unit volume = + +
P ox ' dy | 0z

. Net flow of vectors per unit volume = (

=divA=V-4A

Hence divergence of vector is net outflow of vectors (net flux)
per unit volume.

Physical Significance of Divergence of a Vector

i) Divergence of vector is net outflow of vectors (net flux) per unit
volume.
ii) If divergence at a point is positive then flux expands (leaves) from

that point or that point is source of that vector.

iii) If divergence at a point is negative then flux contracts (enters) to that
point or that point is sink of that vector.

iv) If the divergence is zero at a point then amount of flux entering is
equal to amount of flux leaving.

v) For small volume, concentration of vector field lines is maximum and
vice-versa. Hence divergence (for the same vector field) is maximum
for near to source (small volume) and vice-versa.

Curl of a Vector (7X Z)

If A(x,y,2) =A,l + A,] + A,k be defined and differentiable at
each point (x, y, z) in a region of space then the curl of A is cross
product of Vand 4

- — - Aa Aa Aa A A ~
ie.curlA=VXA=<1a+1@+ka)X(Axl+Ay]+Azk)
- s 0A, 0A, 04, O0A, 04, 04\ ~
XA= i— j+|—=——

v <6y 6z>l <6x az>]+ d0x dy k

A
o o d ad 0
VXA=|— — —

dx Jdy 0z

A, A, A,

Curl of a vector is vector quantity.
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Physical Interpretation of Curl of a Vector
Consider three small rectangular

areas intersecting mutually at right angles

to each other at centre O where the vector B 4

is A=A 0+ A,f + A4,k it

sides dx and dy and its face normal to Z- ‘
axis. ‘O’ lies at the centre of ABCD

r
!
Consider a rectangular ABCD with i
|
I
|

Since Ay, A, & A, are the vector co- :

ordinates of 4 at ‘0’, the value of vector at
the centres of AB, BC, CD and DA are

0A, dy 04, dy 04, : C

ay 27V ox 2% oy
dy 04, dx
> &Ay, + o

dy :
) respectively

Ay +

Line integral of A over ABCD (in Clockwise direction)

_ 04, dy 04, dy 04, dy
_(Ax+6y 2)( dx)+(Ay— 0x 2)( dy)+(Ax_6y 2)(dx)

0A, dy
_r. 2z
+ (Ay * ox 2 )(dy)

dA, d 0A, d
[l 2) (-5 D
dy 2 Jdy 2
04, dy 04, dy
) (-2 )
+[(y+6x 2 Yoooax 2 Y

04, 04,
= <W - ay ) dx dy

-~ Line integral of A over ABCD per unit area

_ 04, 3 0A,\ dx dy
0x dy ) dx dy

_(04y 04

~\ox dy

Line integral of A over ABCD per unit area is Z component of curl A
- 04, 0A,\ .

(curl 4), = <—y — x) k

0x dy
Similarly X & Y components of curl A are
S 04, O0A)\, S 04, O0A,\ .
(curl 4), = <6y —E>L&(curlA)Y = <ax -, )]

-~ (04, O0A, 0A, 04, 04, 04\ ~
 Curl A = _ 2%, ( _ ) 9y _ 7
uw <6y az>‘+ ox 0z/) T\ ax "oy
Hence curl of a vector over a closed path is net line integral of a
vector over that closed path per unit its area.

Physical Significance of curl of a Vector

i) Curl of a vector is net line integral of a vector per unit area.

ii) Curl of a vector measures the rotation of vector field.

iii) If curl of a vector is non zero then the vector field has rotation.

iv) If curl of a vector is zero then vector field has no rotation and called
as conservative field.

Gauss divergence theorem

Statement: The surface integral of the normal component of a vector
(ﬁ) taken over closed surface (S) is equal to the volume integral of the

divergence of same vector (/T) taken over closed volume (V) enclosed
by same surface (S).

ie.ffﬁ dssz (divﬁ)dv
S |4
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Stokes theorem
Statement: The line integral of a vector (ff) taken around a closed curve

(C) is equal to the surface integral of the curl of the same vector (ff)
taken over surface(S) bounded by same closed path (C).

fﬁdr=ffcurl/f ds
S

[

Maxwell’s Equations

There are four fundamental equations of electromagnetism known as
Maxwell’s equations which represented in differential form as,

1) V-D=p

It represents Gauss law in electrostatics. Where D is electric
displacement and p is the free charge density.

2) V-B=0

It represents Gauss law in magnetostatics. Where Bis magnetic
induction.

It represents Faraday’s law of electromagnetic induction. Where
E is electric field intensity and Bis magnetic induction.
—> —_— - 03
4) VXH=] + ot
[t represents Maxwell’s modification in Amperes’s law. Where E
is electric field intensity and Bis magnetic induction.

Derivations of Maxwell’s Equations

1) div D=V:D= P

Consider a surface S bounding a volume V in dielectric medium
under electric field. So we have two types of charges free charges and
induced charges.

Let p and p’ be the charge densities of free charges and induced
charges.
According to Gauss law in electrostatics
Electric flux linked with closed surface,

¢ = g—q (where q is net charge present on surface S)
0

¢E—fEds&q—f(p+p)dv

-~ Above equatlon becomes
> 1
fEdsz—f(p+ pHdv
€o
S v

sofﬁdszfpdv+fp’dv

N v v

p' = —divP
-~ Above equation becomes

Jeoﬁds=dev—Jdivﬁdv
v

S v

Using Gauss Divergence theorem on left side to change surface integral
to volume integral, we get

fdiv(eoﬁ)dvzfpdv—fdivﬁdv

v v v
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fdiv(£0§+ﬁ)dv=fpdv
v

v
EOE + P = D, Electric Displacement
-~ Above equation becomes

fdivl_jdv=fpdv
v

v
f(divﬁ—p)dv=o
v

Since this equation is true for all volume, this integral vanishes
~divD — p=0
div5=p or V-5=p

2) V-B=0

Experimental results shows that the number of magnetic field
lines entering to any arbitrary closed surface is equal to number of
magnetic field lines leaving from it. Therefore the flux of magnetic

induction B across any closed surface is always zero. ie.

j§d5=0
S

Using Gauss Divergence theorem on left side to change surface integral
to volume integral, we get

fdivﬁdv=0
v

Since this equation is true for all volume, this integral vanishes

divB=0orV-B=0

3) VXE ==

Faraday’s law states that induced emf in a circuit is
proportional to negative rate of change of magnetic flux linked with it.
According the Faraday’s law,

d
Induced emf,e = — ﬂ

dt
But, magnetic flux, ¢ = f B ds

S
Where S is surface of closed loop C

ce=_Y fﬁd
ne=——( s)
S

0B
= —(f E dS ......... (1)

We know emf is work done in carrying a unit charge around a closed
loop in an electric field. Therefore,

e=JEdz ......... (2)

C
Comparing equation (1) & (2), we get
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f dl = f—ds

Usmg Stokes theorem to change line integral into surface integral, we
get,

fcurlEds-—(J.—ds

N

0B
f (curlE+a—>ds =0
S

Since this equation is true for all surface, this integral vanishes

—

0B

ccurlE+—=0
at .
B - o 0B
curlE=—— or VXE=-——
ot ot

—

4) VXH=J +2

Ampere’s Circuital law states that the line integral of magnetic field H

around any closed path or circuit is equal to the current enclosed by

the path.
] Hdl=1

Cc

According to Ampere’s law,

-.-szfds,

S
The above equation becomes

Where ] is current density

fﬁdz=ffds

C S

Where S is surface bounded by closed path C.

Using Stokes theorem to change line integral into surface integral, we
get,

fcurlHds—f]ds

f(curlH f)ds =0

Since this equation is true for all surface, this integral vanishes
curlﬁ—f=0

curl H=] v (1)

But Maxwell found it to be incomplete for time varying electric
field and assumed that a quantity called displacement current and
corresponding displacement current density must be included.

. D
le. ]D = E
Therefore in equation (1),f must be replaced byf + ]7;, therefore

equation (1) becomes,
curl H =f+]7;

LH=]+ oD
cur ] T
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Integral form of Maxwell’s equations and their physical
significance

1) fﬁd.s':q
N

This Maxwell’s equation signifies

i) The total flux of the electric displacement linked with the closed
surface is equal to the total charge enclosed by the close surface.

ii) The positive charges becomes the source of flux of the electric
displacement and the negative charges becomes the sink to flux of
the electric displacement. Thereby this equation confirms the
existence of positive and negative charges.

2) f§d5=0
S

This Maxwell’s equation signifies

i) The total outward flux of magnetic induction linked with a closed
surface is zero. That is magnetic flux lines are continuous forming
closed loops implying that there are no sink or sources in the case of
magnetic flux.

ii) It confirms the non existence of magnetic monopole and hence
establishes that the magnetic poles always appear as dipoles.

- B
3) fEdlz—fads
Cc S

This Maxwell’s equation signifies;

Line integral of electric intensity around closed path ie.
electromotive force is equal to the negative rate of change of magnetic
flux linked with the path.

4) fﬁdl=f<]+ g) ds

This Maxwell’s equation signifies;

Line integral of magnetic field intensity around closed path ie.
magnetomotive force is equal sum of the conduction current and the
displacement current linked with that path.

Derivation of general plane wave equation in free space

In the free space, the charge density p = 0, conductivity ¢ = 0
and hence current density ] = ¢E = 0. Also ¢, = u,- = 1, therefore
e=¢yand u = Y
Hence Maxwell’s equations for free space can be reduced to

V-D=p ; V-E=0  .ccvvvinnn, (1)
V-B=0 ; V-H=0 ..ccccevrn.. (2)
Vxﬁz—a—B .............. (3)

ot
=]+

at
VXH=0+ soa—E .............. (4)

at

VXE:eoyoa—E .............. (4)

ot

From equation (3),

Y A )
VX(VXE)zVX(——)
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- _2@xF)

o
Substitution VX B from eqn (4), we get
TXFXE) = =2 eoio 2

BERETARIFT:

0%E

= _SOAU'O F ......... (5)

We have the vector identity,

VX(VXE)=V-(V - E)-V%E

= —V2E ......(6) V-E=0
From eqr (5) & (6), we get
- 90%E
—V°E = _goﬂoﬁﬁ
" 02E

V2E = golio o
Eolo EYD .

1
T follo =
v €oMo ¢

Substituting in the above equation, we get

-+ velocity of light, C =

1 9%
-~ €% at?
Equation (7) represents equation of motion of electric wave travelling
with the speed of light.

2—)

From equation (4),

oo o oF
VX(VXB)= vx<sou0 §>

Substitution VX E from eq" (3), we get
. d( 0B
VX(VXB) = gollo$<_ E)
028
= —&olho T R (8)
We have the vector identity,

VX(VXB)=V-(V-B)-V?B

=—V2F .....(9) V-BE=0
From eq" (8) & (9), we get
V2B = 0’8
= —&lo 9t2
V2B = Gl
= &olo 9t2
,o 1 0%B 1
V°B = E F .................. (10) v Eolo = =y

C

Equation (10) represents equation of motion of magnetic wave
travelling with the speed of light.

The equation (7) & (10) reveals that these identical in the form to the
equation.

Equation (11) represents equation of motion of any wave with field
intensity 1 and travelling with the speed V.
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Transverse Nature of Electromagnetic Waves (Radiation) SxHoi+ oD
Direction of propagation of wave ataE
::‘: l : : B' ; VXHZO +fo§
] J | J 4 W ) t % A = = aE
Z J - "'..fl J_a -l./ ("-;‘I VXHZEO_t
i AN [N [ y
B 4 Y Taking Z component of curl
. VX ), = eyt
( )Z - 80 at
Consider an electromagnetic wave propagating in free space <6Hy _ aHx) P= e 0E,
along Z-direction. Electric field, E = E,{ + E,j+ E,k and Magentic ox 0y ° ot
. 7 ~ ~ ~ . T . aE
field, H = H,i + H,j + H,k vary only in Z-direction. 0 = g —2 (from eq™(1))
SO A e ot
il v pym e (2) OF, ;
Such wave is said to be plane wave since its vectors are at
functions of(z, t). Hence we can write, ~ E, = constant wrt.time,t .......(4)
E=E(zt) & H=H(zt) Using Maxwell’s second equation
Using Maxwell’s first equation V-BE=0
V-D = p = 0 (free space) 1V -H=0
&V E=0 V-H=0
V-E=0 (’)aHx aaHy N 6aHZ _ 0
OF,  OE, O, x ooz
- 0H
ox dy 0z = Z=-0 (from eq"(1))
OE, _ . z
3z 0 (from eq"(1)) ~ H, = constant wrt.Z .......(5)
~ E, = constant wrt.Z .......(3) Using Maxwell’s third equation

Using Maxwell’s fourth equation
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x5=-28
- ot
2
= Uo at
Taking Z component of curl
FXE), = uy L
A - Au'O at
0E, O0E,\ ~ 0H
—X k= py—==
dx  dy Jt
0H,
0= uo (from eq" (1))
ot
0H,
b
~ H, = constant wrt.time,t .......(6)

From eq" (3) & (4) E, is constant wrt. to space (Z) and time (t) thus it
represents static constant. Similarly, from eq» (5) & (6) H, is constant
wrt. to space (Z) and time (t) thus it represents static constant.

“E,=H,=0...c.....(7)

Since electric wave lies in X-Z plane and magnetic wave lies in Y-Z pane
E,=H,=0.....(8)

We have, §=Exf+Eyj+EZE

E=Ei+0+0

E=E/d w....(9)

We have, ﬁszi+Hy]A'+HZ’l€

H=0+H,j+0

H=H,j .......(10)

Equation (9) represents electric wave vibrate just along X-
direction ie. perpendicular to direction of propagation. Similarly
equation (10) represents magnetic wave vibrate just along Y-direction
ie. perpendicular to direction of propagation. Hence in electromagnetic
wave both electric and magnetic wave are transverse in nature.
Poynting Theorem and Poynting Vector

Statement: In a plane electromagnetic waves, the rate of flow of energy
per unit area is proportional the cross product of electric and magnetic
field intensities.

Derivation for Poynting Vector

Electromagnetic wave carries energy when it propagates. Let W be the
electromagnetic energy per unit area in a medium having permeability
u and permittivity ¢ is given by
1 — -

W =5 (uH? + €E?)
vuH=B & €E=D

1 — - - —
.'.W=E(H-B+E-D) ............. (1)

Let dv be the small volume enclosed by surface ds. The rate of decrease
of energy is given by

W Ll[ZE-B+A-B)a
@~ w|| 2 E DB e
v

_ 1JE65+HG§ 4
T2 ot at | ¢¥

lﬁ—aﬁ =0
cur =3 Jg=0

Page 1 of 12

Prof. Avadhut Surekha Prakash Manage
D. M. S. Mandal’s Bhaurao Kakatkar College, Belgaum



Electromagnetic Theory

1 (i = = = ,=_ =
= —Ef[E -(VXH)-H-(VXE)]dv.......(2)
v
Weknow,/fcurlﬁ—ﬁcurl/f = div (§X/T) = —div (AYXE)
Therefore eq" (2) becomes
dw

1 oL
E = —E.f[—dlv (EXH)] dv
v

= %j [div (E X H)] dv

Using Gauss Divergence theorem to change volume integral into
surface integral, we get,

W Exi)d 3
= _f( )ds .. (3)

N

This gives Poynting Theorem. In this vector E X H is called as poynting
vector and denoted by P and it along the direction of propagation.

2P=EXH i (d)

Physical significance

1) P represents an amount of energy of electromagnetic wave per unit
area per unit time which is along the direction of propagation of
electromagnetic wave.

2) Though E & H being oscillatory, change in direction, P remains
unidirectional.

3) The magnitude of P varies. It is maximum when E & H are
maximum and zeor when E & H are zero.
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